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Deep and shadow Learning
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CNN, one typical NN of DL

Expressive power of depth — the driving force behind Deep Learning
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Empirically, the deeper, the better?



Not only performance, but also interpretability

performance

interpretability

The ImageNet challenge ended in 2017. http://image-net.org/challenges/LSVRC/2017/



Questions

Why the deeper,

the better?




Expressive power of DL with a tensor analysis

* Link CNN to Tensor Decomposition
e Shadow CNN
* Deep CNN

* Theorem of Network Capacity



CNN and Tensor Decomposition
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New hypotheses

(e

x%

h\’ Aooo1fo(x1) fo(x1) fo(x2) f1(x3)

—

L

.’ﬁ Aoo10fo(x0) fo(x1) f1(x2) fo(x3)

l

’ & ‘
ﬁ - = }g‘\i
i 5
P
p—
! :
o a

W7 20011 folo) fo ) fi ) fi ()

LV

.j Ao100fo (o) fr (1) fo () fo (x3)

=
1§

S

Examples of two

representation functions, f;,f; : R° = R o g
Natural choices for this family may be radial LX};
basis function(Gaussians)
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Tensor

3d-tensor
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Tensor

Tensor is high-dimensional array A € RM1*MzX--Mn
With a index/location {d,d, ...dy} € I we can get an element 44 4, 4, Whered; € [M,],dy € [M_n]
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Fiber is high-dimensional analogue of column/row in matrix, for a 3-dimentional tensor, they are A. A and
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Slice is high-dimensional sections of a tensor, for a 3-dimentional tensor, they are 4;, .., A
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Tensor M

4d-tensor 5d-tensor 6d-tensor

Matricization of A w.r.t the partition (I, J), i.e. | and J are disjoint subsets of [N] whose union is [N],
where I = {iy, iy, ..., i} i1 < iy < < iy andsimilarly ] = {jy,jz, o, jin}jn <Jz < - <Jy
is denoted as [[A]]I,] , Which is a Hll_l i, — by — ]_[U_| M;, matrix holding the entries of A such that Adldz---dn is

placed in row index 1 + thl_ll(d - 1) Hltl,l t+1 M7 and column index 1 + Zm (dj, — 1) Hltj,l M
Tensor product (also named Kronecker product for matrix), denoted by &, for example, A € RM1%X-Mp 3nd

B € RMpP+1XXMP+q  QOrder P and Q resp.
The tensor product between Aand Bis A ® B € RM1* -Mp+q,



Tensor Decomposition

CP Decomposition Tucker Decomposition
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The Tensor in the hypotheses
* hy(X) — hy(lexZJ ---;xN) — Zldldz,...,dn Hliv=1 f@di(xi)

M M N
* A= {Adldz . d } (S RMXMX M, L. €. RM .
et [ dl,dz,...,dnzl

* Such exponential tensor is not easy to be learned or computed
* Thus we need to decompose the tensor.



Shallow CNN vs. CP Decomposition

With CP decomposition input X' representation 1x1 conv
g - global  dense
Z pooling (output)
z=1 FEp(i,d)zfgd (X) M / Z Z Y
conv(i,z) <a ,rep(i,: > our(y) <a-‘r,poof(:)>

pool(z) = H conv (

Ry () =T Aaa, o TIV 1fedl(xl>—2§=m§[ oy, fedm))}

I Multiple channels



Deep CNN vs. HT Decomposition

L =log2 N hidden layers, non-overlap convolution, size-2 pooling windows

Yy
G|2 Gz input X representation 1x1 conv pooling
/5 L\ g"_ 4 1x1 conv oolin dense
G, G, G, El n ® / P 8 (output)
I | T e o o
#'II \ ."lf—lll |"_1I". .'II .\- / "f 0. l."Il
Gy qo Gy G‘o G|o Gy (To Gy rep(i,d) = f,, (x,)  conv, (J:7)= <a ‘J.ysrep(fa:» / pool,_,(7)= T] conv,,(j'7)
P _/_.J.._‘ P Sy R S ) _ . J'ell,2} .
Wy Wy Wi Wy Ws Wg w; Wwg pool, (J’ Y ) = j'efg,lj'lco‘”vﬂ (J s?’) out( y) = <aL‘J , pool, ())
n=2_,, L=lo gg
- o - = .
(‘D]..J. Y — E . ailt._,r.'} . aD.Q_,r 1.0 ® aﬂ.?_f.ft
=

. f—1 . . .
I,y I,y —1.2j—1.0 I—1.2j.c
i = N alia . gltaihe g glotde

y -1 1y sl-1la o +L—12.a
AY = a X ® ¢

¥
a=1



In the case of Shared weights

For CP model, coefficient sharing amounts to setting a®> := a*! = ... = a®" in the CP

decomposition (eq. 3), transforming the latter to a symmetric CP decomposition:

Z
AU:E a_g?z@@a‘i 532€Rﬂfjay€RZ
z=1 o

N times

CP model with sharing is not universal (not all tensors AY are representable, no matter how large Z
is allowed to be) — it can only represent symmetric tensors.



Core Theory

Besides a negligible (zero measure) set, all functions that can be
realized by a deep network of polynomial size, require exponential size
in order to be realized, or even approximated, by a shallow network



Proof Sketch

@ [A] — arrangement of tensor A as matrix (matricization)
@ © — Kronecker product for matrices. Holds: rank(A®B) = rank(A)-rank(B)
@ Relation between tensor and Kronecker products: [A @ B] = [A] @ [B]
@ Implies: A = Eil szf] ®-® U{E‘E] = rank[A]<Z
@ By induction over / = 1...L, almost everywhere w.rt. {a'/7},; .:
Vj € [N/2],~ € [r] : rank[¢"7]> (min{ry, M})*/?

e Base: "SVD has maximal rank almost everywhere”

o Step: rank[A @ B] = rank([A] ® [B]) = rank[.A]-rank[B], and

“linear combination preserves rank almost everywhere"



Shadow CNN & CP compostion
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Deep CNN &

¢1Y € RM, thus rank([¢*/7]) = min(ry, M) , almost everywhere

. . a2t . :
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